In this paper, we consider the existence of multiple positive solutions for the following singular semipositone Dirichlet boundary value problem:
Introduction
Nonlinear boundary value problems, as an important branch of modern applied mathematics, have been studied by many authors in recent years [1, 4, [7] [8] [9] [10] [11] . In the study The second author is financially supported by the National Natural Science Foundation of China (11071141, 10771117) and the Natural Science Foundation of Shandong Province of China (Y2007A23, ZR2010AM017).
M. Zhong School of Informatics, Guangdong University of Foreign Studies, Guangzhou 510006, China X. Zhang ( ) School of Mathematical and Informational Sciences, Yantai University, Yantai 264005, China e-mail: zxg123242@sohu.com of nonlinear boundary value problems, one often has to use the cone theory or upper and lower solution methods. To use these theories and methods, the nonlinearity of the boundary value problem has to be nonnegative and continuous. However, not all the nonlinearities of the boundary value problems arising from real world applications are nonnegative. If the nonlinearity may take on negative values, we call this type of problems as semipositone problems, which arise naturally in chemical reactor theory, design of suspension bridges, combustion and management of natural resources [2, 3, 5] .
Recently, Zhang [12] considered the following singular semipositone Dirichlet boundary value problem:
x (t) + f (t, x) + q(t) = 0, t ∈ (0, 1), is Lebesgue integrable. Under the superlinear condition, by using the fixed point index, the authors established the existence of positive solutions for the semipositone problem (1.1). But Zhang [12] did not establish the conditions for the existence of multiple positive solutions, and also did not consider the sublinear case. This paper fills this gap in the literature, i.e, we concern with the multiple solutions of the following singular semipositone Dirichlet boundary value problem:
where
is Lebesgue integrable. Under certain local conditions and superlinear or sublinear conditions on f , we find that there should at least exist two positive solutions for the semipositone problem (1.2). In addition, our method can also be applied to solve Sturm-Liouville boundary value problems or multi-point boundary value problems. This paper is organized as follows. Section 2 gives some preliminaries and lemmas. Section 3 is devoted to the main results and their proof. At the end, two examples are given to demonstrate the application of our main results.
Preliminaries and lemmas
Definition 2.1 Let E be a real Banach space. A nonempty closed convex set P ⊂ E is called a cone of E if it satisfies the following two conditions:
(1) For x ∈ P , λ * ≥ 0 implies λ * x ∈ P ; (2) For x ∈ P , −x ∈ P implies x = θ. 
Then T has a fixed point in P ∩ ( 2 \ 1 ).
Let G(t, s) be the Green's function for the following boundary value problem
Remark 2.1 Clearly, for any t, s ∈ [0, 1], we have
In the rest of the paper, we adopt the following assumptions: 
2)
(H4) There exists a constant R > 2r such that, for any
for t uniformly holds on any close subinterval of (0, 1). Now let us consider the Banach space E = C[0, 1] equipped with the standard norm
then P is a cone of E. Consider the linear boundary value problem
By (H2) and (2.1), the problem (2.3) has unique positive solution
Let us consider the following approximately singular nonlinear boundary value problem
Proof In fact, ifz 0 is a positive solution of (2.4) such thatz 0 (t) ≥ w(t) for any t
is unique positive solution of (2.3), for any t ∈ [0, 1], we havẽ
i.e.,
It follows from
On the other hand, clearly
These guarantee that x 0 is positive solution of the BVP (1.2).
Now define an integral operator T :
Lemma 2.3 Assume that (H1) and (H2) hold. Then T (P ) ⊂ P and T : P → P is a completely continuous operator.
Proof For any z ∈ P , t ∈ [0, 1], by (2.1), we have
and thus
On the other hand, it follows from (2.1) that
Therefore T (P ) ⊂ P . Let B ⊂ P be any bounded set, then, for any z ∈ B, there exists a constant
By changing the order of integration, we obtain
So for any z ∈ B, we have
From the absolute continuity of the integral, we know that T (P ) is equicontinuous on [0, 1]. Thus according to the Ascoli-Arzela Theorem, T (P ) is a relatively compact set. Now, by the continuity of f and the Lebesgue control convergence theorem, it is easy to know that T : P → P is continuous. Thus T is a completely continuous operator. (H1)-(H5) hold. Then the BVP (1.2) has at least two positive solutions x 1 (t) and x 2 (t) such that 2) and (H4) , respectively.
Main results

Theorem 3.1 Suppose
Proof Let r = {z ∈ P : z < 2r} and ∂ r = {z ∈ P : z = 2r}. Then, for any z ∈ ∂ r , s ∈ [0, 1], we have
It follows from (H3) that
On the other hand, let R = {z ∈ P : z < R} and ∂ R = {z ∈ P : z = R}. Then for any z ∈ ∂ R , t ∈ [ 
So for any z ∈ ∂ R , t ∈ [
It follows from (H4) and (3.2) that, for any z ∈ ∂ R , t ∈ [
G(t, s)[p(s)f (s, [z(s) − x(s)]
* + q + (s)]ds ≥ 3 4 1 4
G(t, s)[p(s)f (s, z(s) − x(s)) + q + (s)]ds
Thus, we have T z ≥ z , z ∈ P ∩ ∂ R . Now, let us choose ε > 0 such that
Then for the above ε, by (H5), there exists M > R > 0 such that, for any t ∈ [0, 1] and for any x ≥ M, f (t, x) ≤ εx.
Let
then R * > M > R. Let R * = {z ∈ P : z < R * } and ∂ R * = {z ∈ P : z = R * }. Then, for any z ∈ P ∩ ∂ R * , we have
which implies that
By Lemma 2.1, T has two fixed points z 1 (t) and z 2 (t) such that
It follows from z 1 ≥ 2r that
and
, then by Lemma 2.2, we have that
are two positive solutions of the BVP (1.2). The proof is completed.
Theorem 3.2 Suppose (H1), (H2), (H4) and (H6) hold, and in addition, the following condition is satisfied: (H * 3) There exists a constantR > (
16R 3l + 1)L such that, for any (t, x) ∈ [0, 1] × [0,R], f (t, x) ≤R L ,
where L is defined by (H2).
Then the BVP (1.2) has at least two positive solutions x 1 (t) and x 2 (t) such that
, where r andR are defined by (H2) and (H * 3), respectively. Proof Let R = {z ∈ P : z < R} and ∂ R = {z ∈ P : z = R}. Then for any z ∈ ∂ R , t ∈ [ 1 4 , 3 4 ], noticing R > 2r, we have
It follows from (H4) and (3.3) that, for any z ∈ ∂ R , t ∈ [
Thus, we have T z ≥ z , z ∈ P ∩ ∂ R . Next, let R = {z ∈ P : z <R} and ∂ R = {z ∈ P : z =R}. Then for any
It follows from (H
On the other hand, choose constants α, β and a real number K > 0 such that
. Let R * = {z ∈ P : z < R * }, then for any z ∈ P ∩ ∂ R * and for any t ∈ [α, β], we have
Therefore from (3.4)-(3.5), for any z ∈ P ∩ ∂ R * and t ∈ [α, β], we have
It follows from |z 1 | ≥ 2r that
Applications
Example 4.1 Consider the following singular semipositone boundary value problem
The BVP (4.1) has at least two positive solutions x 1 (t) and x 2 (t) such that
Proof In fact, let
Next, let R = 64, then R > 2r = 4, l = 
Example 4.2 Consider the following singular semipositone boundary value problem
where The BVP (4.3) has at least two positive solutions x 1 (t) and x 2 (t) such that
Proof In fact, Let for t uniformly holds on any close subinterval of (0, 1). It follows from Theorem 3.2 that the BVP (4.3) has at least two positive solutions x 1 (t) and x 2 (t) such that
Remark 4.1 In Example 4.2, we notice that the nonlinearity is singular at t = 0 and t = 1 2 , which shows that the singularity of the semipositone boundary value problem (1.2) may occur not only at the endpoints of the interval (0, 1), but also in the internal area of the interval (0, 1). Moreover, since q : (0, 1) → [0, +∞) only needs to be Lebesgue integrable, this implies that q may be singular at some zero measure set of (0, 1).
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